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Abstract: This paper proposes a new perspective and methodology to model the behavior 

of the components as well as the system using the theory and methods for fuzzy sets. We 

propose to use the indicator or performance or substitute variable which is very well 

understood by the customer to fuzzify the states of the component or the system. Both 

component and system’s fuzzy reliability definitions and models are constructed under 

fuzzy binary states and multi-state assumptions. Numerical examples are given to 

compute fuzzy reliability measures which also illustrate their advantages over the classical 

reliability measures. 
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1. Introduction 

     It is well known that binary state modeling for reliability of components as well as for 

the system is too simplistic and does not capture the reality for most systems which can 

have many levels of performance. This has been the motivation to use reliability models 

which consider multi-state systems with multi-state components [1-4]. It has been well 

documented how these models with multi-state behavior are superior in terms of capturing 

the performance of the systems and also making sure that the performance measures 

capture the experience of the customer over time with the system [5-7]. In this paper, a 

new perspective and methodology is proposed to model the behavior of the components as 

well as the system using the theory and methods for fuzzy sets in addition to multi-state 

models or even as an alternative to multi-state models for some situations. We 

demonstrate how fuzzy modeling of the states of the components/system can capture more 

realistic performance of the system for its evaluation and decision making processes by 

the system designer as well as the customer. 

     As a useful tool for modeling imprecision, fuzzy sets theory has been applied to fuzzy 

reliability modeling from various perspectives, e.g., probist reliability, profust reliability, 

possbist reliability, and possfust reliability theories [8]. Cai et al. [9] introduced the fuzzy 

variable concept for lifetime and binary states under the possibility measure and 

developed the possbist reliability theory. In [10], Cai et al. developed a conceptual 

framework of profust reliability theory under probability measure and fuzzy state 

assumptions. The fuzzy reliability is derived by defining the state transition membership 

function and assuming the failure membership function is the standard complement of 

success membership function. The standard complement assumption is relatively strong, 

and it is actually not necessary for applications of fuzzy set theory for reliability. 
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     Pandey and Tyagi [11] presented a concrete application of this method for a two-unit 

parallel-series system by assuming that each unit experiences multiple fuzzy states in 

terms of the number of operating components in the unit. The fuzzy reliability is estimated 

based on the fuzzy transition from higher unit states to lower unit states which is derived 

from the fuzzy working and failure states.  

     Under the traditional binary state reliability framework, some researchers proposed to 

consider the subsystem/component’s reliability as fuzzy numbers such that the 

imprecision involved in estimating these probabilities can be appropriately treated. Cheng 

[12] and Chen [13] proposed to evaluate system reliability using the concept of interval of 

confidence and fuzzy number arithmetic operations, respectively. Hong and Do [14] 

proposed to apply the weakest t-norm based fuzzy number arithmetic operations to 

analyze fuzzy system reliability, and concluded that the same type of fuzzy numbers for 

system reliability could be preserved when the component fuzzy reliability is of the 

special L-R type fuzzy number. Fuzzy sets theory has also been applied in other reliability 

related research, e.g., prognostic and health management [15, 16], Bayesian reliability 

analysis [17], fuzzy fault tree analysis [18, 19], probabilistic risk assessment [20], fuzzy 

decision analysis [21], and structural reliability analysis [22, 23]. 

More recently, fuzzy sets theory has been applied to the reliability and performance 

evaluation of multi-state systems where both probabilities and performance rates are 

regarded as fuzzy values. Ding and Lisnianski [24] proposed the fuzzy universal 

generating function method to derive the fuzzy probability distribution and fuzzy system 

availability of the overall system when the component’s performance rates and state 

probabilities take fuzzy values. Ding et al. [25] continued the fuzzy multi-state system 

reliability work and proposed a general fuzzy multi-state system model in which the 

concepts of fuzzy relevancy, fuzzy coherency, and equivalence of fuzzy performance 

vectors are defined and developed. Liu et al. [26] investigated the dynamic fuzzy system 

state probabilities, fuzzy availability, and fuzzy performance rewards of a multi-state 

system under a continuous-time Markov model.  

     The existing fuzzy reliability models and methods so far can deal with the imprecision 

in estimating the component reliability/probability, performance rate, transition rate, and 

failure time under both the traditional binary state and multi-state reliability modeling. 

However, how the universal set over which the membership function of the fuzzy number 

or fuzzy variable is defined is not well motivated and interpreted in a meaningful way 

from the viewpoint of the system designer and the customer. We propose to use the 

indicator or performance or substitute variable which is very well understood by the 

customer and/or system designer to fuzzify the states of the component and the system. 

     We use the word substitute because this variable y  is a means to measure the 

performance of the component. The acceptable level of functionality for a component is 

related to some performance or indicator variable ,y also called the substitute 

characteristic [27, 28] because it is a substitute or a way to quantify the level of 

performance of the system. The functionality of the component is directly related to the 

levels of this technical/engineering substitute characteristic, and customers can easily 

relate to the degree of success based on the underlying performance or substitute 

characteristic levels. Because there is a continuous degradation of the level of 

performance, the success state can be considered as a fuzzy state based on using the 

substitute characteristic as a variable for the degree of membership. For “larger the better” 

substitute characteristic, higher values of y result in better system performance and should 

have higher values of membership function for success using the theory of fuzzy sets. 
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Thus the membership function based on y is another way to model the multi-state 

behavior of the system. 

     This paper focuses on the interpretation of the universal set over which the fuzzy 

state’s membership function is defined, and proposes to understand this membership 

function from the users’ perspective. Fuzzy reliability is defined using the probability 

evaluation of fuzzy event based on the work of Zadeh [29] without any assumption on the 

relationship between fuzzy success and fuzzy failure membership function. For dynamic 

fuzzy reliability, instead of regarding the fuzzy success membership function as a function 

of time, we propose that the probability distribution of the substitute characteristic random 

variable is a function of time due to the underlying degradation processes for the 

substitute characteristics. Thus we do this because customers’ perception related to the 

fuzzy success/failure based on the membership function is relatively stable and does not 

change over time.  Numerical examples are given to compute fuzzy reliability measures 

which also illustrate their benefits over the classical reliability measures.  

2. Fuzzy binary state reliability modeling 

2.1 Motivation for fuzzy reliability modeling  

     In classic reliability modeling, the states of component/system are assumed to be 

binary, i.e., either success or failure.  The binary states can be expressed in terms of an 

indicator random variable X . Such binary states assumption implies that the success and 

failure of a component can be precisely determined with respect to some underlying 

performance or substitute characteristic random variable Y  . Without loss of generality, 

assume that the higher value of y indicates better system performance. The component is 

defined as failure, if 
0

y y< ; the component is defined as success, if 
0

y y≥ , where 
0

y is 

the exact threshold value which differentiates between component failure and success 

(Figure 1(a)). Thus, 

                                             
0

,
0

0,    failure        

1,    success         

y y

y y
X

 ⇔ <


⇔ ≥
=                                             (1) 

     Some examples for the substitute characteristic may be the strength of a structure, the 

current or voltage in an electrical system, shrinkage, wear or some other deterioration of a 

part, the level of flow of a fluid to meet some demand, amount of power generated relative 

to the demand or maximum capacity, and some other indicators for the general levels of 

performance of the system. Equation (1) can also be regarded as the characteristic 

function of the crisp set of success, i.e., ( ) 0,
S

yµ =  if
0

y y< ; and ( ) 1,
S

yµ =  if 
0

y y≥ . 

The reliability of a component can be mathematically evaluated as, 

0

0

1 ( )Pr[ 1] [ ] Pr[ ] [ ( )]
S

y y

dF yR X E X y y E yµ
≥
∫= = = = ≥ = = .                  (2) 

The unreliability of the component is
0

Pr[ 0] Pr[ ],R X y y= = = <   and 1.R R+ =  

     From the fuzzy set theory point of view, the component’s success and failure can be 

treated as fuzzy events. For a given value of the substitute characteristics of y , the 

component exhibits a certain degree of success or failure (Figure 1(b)). Thus certain y  

values could be considered as success and failure simultaneously to some extent. Such 

situations are rational when customers have different expectations and definitions for 
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success and failure in their mind.  To deal with the fuzzy nature of the definition of 

success and failure, the events of success and failure can be represented as fuzzy sets.  

  

(a) Binary state assumption                       (b) Fuzzy state assumption     

Figure 1: Reliability models under binary and fuzzy state assumption 

2.2 Basics of fuzzy set theory 

      Let U  be the universal set (any traditional crisp set). A fuzzy set can be denoted as, 

{ , ( ); }
A

A y y y Uµ= ∈ , where ( )
A

yµ  is called the membership function, which indicates 

the degree of membership of an element y belonging to the set of A . Mathematically,  

( )
A

yµ is a function that maps the elements of A  to the interval [0, 1], ( ) : [0,1].
A

y Uµ →   

2.3 Fuzzy states representation by membership functions 

     Figure 2 shows how success and failure are defined in fuzzy reliability modeling under 

the theory of fuzzy sets. The membership functions ( )
S

yµ  which is defined over the 

universal set [0,100]U = , and they can represent fuzzy states of success and failure under 

various applications. The membership function in Figure 2(a) could represent the fuzzy 

success event where the higher value of the substitute characteristics y is more successful 

from the viewpoint of the customer. More specifically, if [0, 25]y ∈ , the component is 

considered as failure; if [25, 75]y ∈ , the component exhibits certain degrees of success; 

and if [75,100]y ∈ , the component is considered as successful. The multi-state approach 

may classify the state of the component as 2 when [75,100]y ∈ , state 1 when 

[25, 75]y ∈ and state 0 when [0, 25]y ∈ . Such multi-state classification is an extension of 

the binary state reliability modeling, and it approximates the continuous performance 

levels by simplifying and discretizing them with finite number of state values. Such 

approximation can also be understood as a special membership function where the range 

of the membership function values is discrete, e.g., 0, 1, and 2, instead of the interval [0,1].    

     Figure 2(b) describes the situation where a target value of 50 of the substitute 

characteristic is desired and all other values represent certain degrees of success. The 

membership function of success has bell shape curve and it can well represent the 

disutility of both under-design and over-design of a system from customers’ perspective. 

In traditional binary reliability model, the dashed line in Figure 2 can be one of many 

possible specification limits to define success, e.g., the component is considered as 

success if [25, 75]y ∈ , and failure, otherwise. 
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(a) Larger the better substitute characteristic   (b) Target the best substitute characteristic 

Figure 2: Membership functions for various substitute characteristics 

     The above comparisons of state representation under fuzzy, binary, and multi-state 

assumptions show that the fuzzy state representation captures the most information in 

terms of the system’s continuous performance from the customer and system designer, 

while both binary and multi-state representations are simplification and discretization of 

the continuous performance levels. In addition, the fuzzy state representation using 

membership functions integrates the customer’s preferences and judgments to system 

performance and can provide more meaningful and accurate information for decision 

making.      

2.4 Fuzzy reliability modeling under binary fuzzy state assumption 

     In this section, fuzzy reliability is discussed under binary state assumption where 

success and failure cannot be precisely defined. In other words, instead of using an 

indicator random variable X  to define the success or failure based on a precise failure 

threshold value
0

y . The success and failure are treated as fuzzy events, which contains 

many elements or substitute characteristic values y exhibiting different degrees of success 

or failure.  

     As a natural extension of the traditional binary state reliability calculation, the fuzzy 

reliability of a component is the probability of the fuzzy event of success, which is 

uniquely determined by its membership function. In general, this fuzzy 

reliability/probability can be expressed as [29, 30], 

( ) ( )Pr[fuzzy success] [ ( )]S S
y dF yR E yµ µ∫= = =                                (3) 

     If the p.d.f. ( )f y for Y exists, then ( ) ( )[ ( )]
SS

y f y dyR E y µµ ∫= = . 

     The fuzzy reliability defined in (3) degenerates to the classic binary reliability 

definition when the membership functions of fuzzy sets are substituted with the 

characteristic functions of crisp sets. In addition, such fuzzy reliability definition 

incorporates customers’ understanding and recognition to system/component’s reliability 

performance since the membership function of success is a representation of degrees of 

success in terms of different levels of the performance or substitute characteristic. So we 

conclude that the fuzzy reliability as defined in (3) is more meaningful and realistic.      

     The fuzzy reliability definition does not impose any restriction on the relationship 

between the fuzzy success and fuzzy failure membership functions, since in fuzzy set 

theory, often we have ( ) 1 ( ).
F S

y yµ µ≠ − Figure 3 shows the differences between standard 

complement fuzzy set F and nonstandard complement fuzzy set 'F of the fuzzy set S .  
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Figure 3: Standard and nonstandard complement sets of a fuzzy set S .  

2.5 Fuzzy dynamic reliability modeling under binary fuzzy state assumption 

     In [13], the fuzzy reliability is defined by deriving the membership function of states’ 

transition under the assumption of the success membership function is the standard 

complement of the fuzzy failure membership function. In addition, they assumed the 

fuzzy success membership function changes over time and derived the dynamic fuzzy 

reliability over time. From a different aspect, we assume that the probability distribution 

of the substitute characteristic random variable changes over time due to the performance 

degradation (Figure 4), while the customers’ perception to the definition of success is 

relatively stable. Thus the dynamic fuzzy reliability is defined as, 

( ( )) ( ( ))( ) Pr[fuzzy success] [ ( ( ))].
S S

y t dF y tR t E Y tµ µ∫= = =                         (4) 

     Given a stochastic degradation process, the probability distribution of the substitute 

characteristic can be derived, and the dynamic fuzzy reliability of the system can be 

evaluated.  

 

Figure 4: Probability distribution of the substitute characteristic over time. 

3. System reliability assessment under fuzzy binary state assumption 

     Instead of interpreting the reliability/probability itself as a fuzzy number and 

implementing the fuzzy arithmetic analysis using the structure function from binary state 

system, the linguistic words of success and failures are understood as fuzzy for our 

models. Under this thought process, the fuzzy system reliability can be evaluated as, 

( ) ( )[ ( )] .
sys s yssys sys

y dF yR E Y µµ ∫= =                                     (5) 
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     The system performance distribution and its underlying substitute random variable 

sys
Y can be evaluated based on the system structure function.  

4. Fuzzy reliability modeling under multi-state assumption 

     Multi-state system reliability modeling is an extension to the traditional binary state 

reliability modeling which assumes that multiple states exist and the thresholds 

distinguishing between multiple states can be precisely determined. Similar to the 

situations encountered in the traditional binary state reliability modeling, the difficulty of 

precisely defining the threshold values between the multiple states also exists in multi-

state system reliability. Such difficulty can be overcome by introducing a membership 

function which is able to characterize the fuzzy boundaries between different states. 

     Suppose the system state is a random variable, Y , which takes values from the minimal 

state 0 to the maximal state M . Such states classification could be accomplished through 

an interactive customer-designer communication or using some economic analysis. Figure 

5(a) shows the classification for a multi-state system using the substitute variable y.  

     When the boundary levels of performance or substitute characteristic distinguishing 

any two consecutive states of the multiple states is imprecise, the component being in 

every state can be treated as fuzzy events as shown in Figure 5(b). Here the system being 

in state k is treated as a fuzzy event, and the probability of the component being in each 

state can be calculated the same way as in the binary state fuzzy reliability evaluation 

using (3). 

       

(a) Crisp state boundary                                       (b) Vague state boundary 

Figure 5: Multi-state classification under crisp and vague state boundaries 

5. Customer-centered performance evaluation using static fuzzy reliability 

     In this section, numerical examples show how the proposed fuzzy reliability models 

can be applied to the customer-centric system/design performance evaluation. Suppose we 

have two system designs, and the success membership function is 
2

( ) 1 /(1 ), 0
S

y ky yµ = + ≥ representing the “smaller the better” substitute characteristic. 

The parameter k can be estimated through interaction with the customer, and 

suppose 2k = . The probability distributions of the substitute characteristic of the two 

designs, i.e., Weibull ( =2, =1.5)θ β  and Weibull ( =2, =3)θ β are characterized by 

Weibull ( , )θ β with density 
1

exp , 0.( )
y y

yf y
β ββ

θ θ θ

−      − ≥   
     

=  The reliabilities of the 

two designs are evaluated under both the binary reliability and fuzzy reliability models. 
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     Under binary reliability model, suppose the threshold value dividing success from 

failure is 
0

2y = . The reliabilities for both designs are 0.6321, which fails to distinct the 

two different designs. The fuzzy reliabilities of the two designs are also evaluated using 

Equation (3), which are 0.27369 and 0.18274, which determines that the design with 

Weibull ( =2, =1.5)θ β is preferable over the design with Weibull ( =2, =3)θ β . 

     The second example shows that the fuzzy reliability model can even capture more 

information than the multi-state reliability model for more complicated system designs. 

Suppose that one design is represented by a mixture Weibull model, 

0.8*Weibull ( =2, =1.1)+0.2*Weibull ( =2, =8)θ β θ β and the other design is 

Weibull ( =2, =1.5)θ β .  

     Under the multi-state reliability model, suppose the system is classified into four states 

using threshold values of 1.011, 1.999, and 2.845. The probabilities for each of the four 

states for both designs are the same. So reliability measures such as state expectation, state 

variance, and upper state probability cannot differentiate the two distinct designs under 

traditional multi-state reliability model. The fuzzy reliability can be assessed for the two 

system designs using appropriate success membership function 
2

( ) 1 /(1 ), 0
S

y ky yµ = + ≥  

which can be estimated from the customers. The fuzzy reliability is 0.6467 and 0.6389 

with 0.2k =  for the Weibull and mixture Weibull, respectively, and the corresponding 

fuzzy reliability is 0.2737 and 0.2878 with 2k = . Thus, depending on how the customers 

perceive the two different designs, different decisions could be reached. Both examples 

demonstrate that fuzzy reliability can capture more information than the traditional binary 

and multi-state reliability models, and the fuzzy reliability also incorporates customer’s 

preferences in system performance evaluation and decision making. 

6. Conclusion 

     We presented a new perspective and methodology to model the behavior of the 

components as well as the system using the theory and methods for fuzzy sets in addition 

to multi-state models or even as an alternative to multi-state models for some situations. 

We illustrated how fuzzy modeling of the states of the components/system can capture 

more realistic performance of the system for its evaluation and decision making processes 

by the system designer as well as the customer. The acceptable level of functionality for a 

component/system is related to some performance or indicator variable called the 

substitute characteristic. Success as a fuzzy event can be defined over the range of the 

levels of performance or of the substitute characteristic of the system and thus we can use 

it to develop the membership function for the fuzzy event. The fuzzy reliability modeling 

incorporates the customer’s understanding and definition to success and failure. Since the 

membership function is a reflection of customer’s utility and disutility of fuzzy success 

and failure of the system, the fuzzy reliability is more realistic and meaningful compared 

with the traditional reliability models. The perspective of regarding success and failure as 

fuzzy instead of fuzzifying some elements of the conventional binary/multi-state models 

has not been well investigated in the literature. Some future work on fuzzy reliability 

research could include investigating the dynamic reliability of system/component where 

the substitute characteristic random variable changes over time under certain known 

performance degradation processes and developing the membership function of fuzzy 

events through appropriate methods. 
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